It is well-known that heterotic string compactifications have, in spite of their conceptual simplicity and aesthetic appeal, a serious problem with precision gauge coupling unification in the perturbative regime of string theory. Using both a duality-based and a field-theoretic definition of the boundary of the perturbative regime, we reevaluate the situation in a quantitative manner. We conclude that the simplest and most promising situations are those where some of the compactification radii are exceptionally large, corresponding to highly anisotropic orbifold models. Thus, one is led to consider constructions which are known to the effective field-theorist as higher-dimensional or orbifold grand unified theories (orbifold GUTs). In particular, if the discrete symmetry used to break the GUT group acts freely, a non-local breaking in the larger compact dimensions can be realized, leading to a precise gauge coupling unification as expected on the basis of the MSSM particle spectrum. Furthermore, a somewhat more model dependent but nevertheless very promising scenario arises if the GUT breaking is restricted to certain singular points within the manifold spanned by the larger compactification radii.
Introduction
Calabi-Yau or orbifold compactifications of the heterotic string [1] in its perturbative regime provide one of the most direct and beautiful paths from string theory to supersymmetric particle phenomenology [2, 3] . However, at the quantitative level, they are known to have serious problems related to the phenomenologically preferred not-so-small value of the unified gauge coupling and the values of Planck scale and Grand Unification scale [4] . Such difficulties may be avoided by appealing to threshold corrections reconciling M GU T with M string [5, 6] (see also [7] [8] [9] and, very recently, [10] ). The problems may also be resolved in a regime where either the space-time or the world sheet expansion parameter of the string, or both, are not small [11] [12] [13] . However, the striking feature of quantitative gauge coupling unification in the minimal supersymmetric standard model (MSSM), which strongly supports the ideas of low-scale supersymmetry and thereby, indirectly, of the superstring, is in general lost.
In the present paper we approach the above set of problems focussing on new energy scales introduced in the compactification procedure. We analyse the issue of gauge coupling unification in heterotic orbifold models and conclude that the most promising constructions are those where the compact space is highly anisotropic, i.e. one or two of the 6 compactification radii are exceptionally large [11] . In other words, taking the empirical fact of precision gauge unification in the MSSM seriously (see [14] and refs. therein), one is forced into a regime that corresponds, from the low-energy perspective, to higher-dimensional grand unified theories (orbifold GUTs) [15] [16] [17] [18] . Possibilities for realizing such GUT models in explicit heterotic string constructions have recently been explored in [19] [20] [21] (for an earlier brief discussion see [22] ).
To be more specific, we identify at least two interesting options for realizing precision gauge coupling unification. In both cases, this can be done in spite of possible non-perturbative stringy effects, which become relevant at the scale of the small compactification radii. In the first, conceptually simpler case, the geometry of the manifold defined by the large compactification radii is used to realize a non-local breaking of the GUT group. The corresponding compactification scale is the GUT scale, above which one enters a higher-dimensional field theory regime with a locally unbroken GUT symmetry. Any, possibly strongly coupled, string physics at or near the scale set by the small compactification radii does not influence gauge coupling unification which is, in fact, calculable within higher-dimensional field theory. The crucial technical point is that the GUT breaking has to be realized using a freely acting orbifold (see [23] for applications to non-local SUSY breaking and [24] for a recent field theoretic example with gauge symmetry breaking). A possible disadvantage of this scenario is that it may be difficult to find realistic models within this fairly constrained class of orbifold constructions. We consider this an interesting challenge for the future.
In the second, more familiar case, the GUT group is broken only at certain points within the space spanned by the large compactification radii. In spite of this local breaking, gauge unification at the level of one-loop precision can be maintained. This is the argument of "bulk dominance" familiar in the context of orbifold GUTs. From a stringy perspective this means that, even though the actual unification takes place in a regime that is hard to control quantitatively (small compactification radii near the string scale and/or large string coupling), the resulting uncalculable gauge coupling corrections are volume suppressed. Within this large volume (bulk) the GUT group is unbroken and strong coupling effects do not affect standard model (SM) gauge coupling differences. Such a scenario has the disadvantage that, in general, the logarithmic running of coupling differences continues above the compactification scale corresponding to the large radii [16, 17, 25] . This modified running depends on the details of the specific model and may significantly affect the prediction of low-energy gauge couplings. Thus, even though very promising concrete realizations are known in the field-theory context, extra assumptions beyond the simple use of the MSSM particle spectrum enter the analysis.
The paper is organized as follows. In Sect. 2 we attempt to make known arguments specifying the boundary of the weak-coupling regime of 10d heterotic string theory as quantitative as possible. This can be done by appealing to duality and identifying the point when massive states of the dual type I string or heterotic M theory become lighter than the lowest massive heterotic string level. Alternatively, the same result is obtained by identifying the loop expansion parameter of the effective 10d gauge theory with the cutoff specified by the lowest-lying massive string state and requiring this parameter to be smaller than one. Writing the familiar N = 1 d = 10 supergravity action at fixed dilaton VEV as
we find that the dimensionless loop expansion parameter is g 2 and the theory is weakly coupled for g < 1. Notice the presence of a large factor (2π) 7 in front of g 2 . (The dilaton dependence is recovered by recalling that g ∼ exp(φ).)
Using this result and a network of dualities [26] , we discuss in Sect. 3 the phenomenology of compactifications. We begin by quantifying the known difficulty of obtaining a realistic GUT from an isotropic heterotic string compactification. We then analyse the situation in anisotropic compactifications with one or two of the radii exceptionally large. Particular attention is paid to the question of how small the smaller radii can be made before perturbative control is completely lost. We emphasize the implications of T duality with Wilson lines and comment on the consequences of N = 4 or N = 2 supersymmetry in the 5 or 6d bulk.
We find that, for heterotic SO(32) string theory, a compactification with d = 2 larger extra dimensions with inverse length set to the MSSM GUT scale 2 × 10 16 GeV is possible. This implies the viability of a non-local GUT breaking scenario with correct breaking scale. In the d = 1 case, such a non-local breaking scenario can not be realized. However, we find it possible to obtain a significant separation of 5d compactification scale and string scale allowing for an analysis in the framework of 5d orbifold GUTs. Similar studies are carried out in the E 8 × E 8 case, but the lack of T -duality on the M-theory side limits our power to control perturbativity.
1 Using conservative estimates we find that, both in the d = 2 and d = 1 case, the large M-theory radius puts us in a phenomenologically more difficult situation than in the SO(32) case. Thus, heterotic SO(32) scenarios, which were neglected in the past and have only recently been subject to the attempt of a complete classification [28] , may be favoured.
In Sect. 4, we describe explicitly how the various allowed compactification scales discussed above from a more formal perspective constrain the construction of realistic string GUTs. This analysis, which determines the main physical conclusions of the paper, reveals two main phenomenological options. These two options, both of which have already been briefly outlined above, correspond to non-local breaking in two extra dimensions (with radius set by the inverse GUT scale) and to local (fixed-point) breaking at singularities in one or two larger compact dimensions. Sect. 4.1 explains how to realize non-local GUT breaking in a heterotic orbifold construction and Sect. 4.2 provides a detailed analysis of mass scales in 5d models with local GUT breaking and large compactification radius (string-based orbifold GUTs). Amusingly, for g = 1 and with the small radii set to the inverse string theory threshold, one finds a compactification scale M c ≃ 3.4 × 10 16 GeV. (We are presently unable to make use of this intriguing proximity to the GUT scale in a realistic model).
Section 5 provides some illustrative concrete examples for the above scenarios. In particular, in Sect. 5.1 a simple Z 2 × Z ′ 2 heterotic orbifold model is proposed which contains, at an intermediate energy scale, a 6d SO(10) gauge theory broken non-locally to a 4d Pati-Salam model using a freely acting discrete symmetry. Furthermore, Sect. 5.2 relates our discussion of models with local breaking to specific 5d orbifold GUTs and recent string theory models. Specifically, one can have M c ≃ 2.6 × 10 15 GeV, with new string-theoretic states affecting the 5d field theory regime at about 20M c . This is marginally consistent with the concept of a 5d orbifold GUT.
Our conclusions are given in Sect. 6.
The weak coupling regime of the heterotic string
It is the purpose of this section to characterize the boundary of the perturbative regime of 10d heterotic string theory quantitatively. Although this is a familiar issue and the possible ways to achieve this are fairly obvious, we find it useful to include a detailed and hopefully self-contained discussion, where we carefully keep all relevant numerical coefficients. The results are crucial for the remainder of the paper since the potential loss of control of the stringy UV completion will be the main limiting factor in achieving realistic parameters in the low-energy field theory. SO(32) theory and the stronger SO(32) results apply [27] .
Field theory lagrangian and string parameters
The dynamics of heterotic string theory, at energies far below the mass of the first excited state, is described by the 10d supergravity plus super Yang-Mills lagrangian [1, 29] 
Here the trace Tr V is taken in the vector representation of SO (32) and the field strength is defined by
All fermionic and higher-dimension terms as well as the kinetic terms for the dilaton and 2-form field have been suppressed. Alternatively, the vector fields can also be defined to take values in the adjoint representation of SO (32) , in which case one has to replace Tr V with (1/30)Tr A . This second form of the action then also describes the E 8 ×E 8 heterotic theory. Note that the restriction of the above lagrangian to a regular SU(N) subgroup of either SO (32) or E 8 ×E 8 reads (with Minkowski metric and vanishing dilaton)
where the trace is taken in the fundamental representation of SU(N). Thus, for a compactification volume V , the conventional 4d GUT coupling (with phenomenological value ∼ 1/25) is given by α GUT = g 2 10 /(4πV ). The above action contains the two dimensionful parameters κ 10 and g 10 , which are linked to the fundamental scale α ′ H of the underlying string theory by [1, 29] 
Here we use standard conventions with a world sheet action 1/(4πα
2 , corresponding to a lowest-lying physical excited state with mass m H = 2/ √ α ′ H .
The dimensionless ratio u ≡ g 4 10 /κ 3 10 is not a true parameter of the theory since it can be changed by shifting φ H by a constant and then redefining g 10 and κ 10 so that the form of Eq. (2) is not modified. This exercise also demonstrates that increasing the loop expansion parameter of string theory g H ∼ exp(φ H ) by a given factor is equivalent to increasing u by the same factor. Thus, for any given vacuum of the heterotic string, we are free to choose conventions where φ H = 0 and to use g 10 and κ 10 or, equivalently, α ′ H and u as the unambiguous characteristics of this vacuum. The parameter u then defines the strength of the string coupling.
Another perspective on the situation, which may be particularly natural for a lowenergy field theorist, is the following. The gravitational and gauge parts of the action of Eq. (2) (with φ H = 0) contain the two mass scalesM P,10 and M Y M,10 , defined bȳ 
2 There appears to be a factor-of-2 discrepancy with [11] .
which characterize the strong coupling regimes of the two respective field theories. On the one hand, a certain dimensionful combination of these two masses fixes, according to Eq. (4), the string scale. On the other hand, the dimensionless combination
determines the loop expansion parameter of the underlying string theory. Note that small heterotic string coupling corresponds to small 10d gauge coupling (measured in units of the 10d Planck mass).
Note that the numerical coefficient in the proportionality relation u ∼ g H derived above is, at the moment, arbitrary (as is the coefficient in the relation g H ∼ exp(φ).) In the following, we will characterize the perturbative regime directly in terms of u and, after this is done, we will give a definition of g H in terms of u such that, to the best of our knowledge, perturbation theory breaks down at the special point g H = 1. (It is this specific definition of a string coupling g = g H that appears in Eq. (1).)
In principle, it should be possible to define a more fundamental string loop expansion parameter in terms of the field (which differs from φ by an unknown constant) multiplying the Euler term in the world sheet action. This parameter would then directly measure the world sheet topology. 3 In praxis, one starts in string perturbation theory by connecting the tree-level amplitude to field theory parameters. The one-loop amplitude is then related to the tree-level amplitude by a unitarity-based sewing procedure (see, e.g. [30] ), and the relation to the Euler term of the world sheet action never arises. Comparing one-loop and tree-level terms one can then try to determine the field theory parameters characterizing the boundary of the perturbative regime and translate them into some (arbitrarily normalized) g H . Conceptually, this is not very different from our approach based on the field-theoretically defined u. Of course, if one was given a number of nontrivial terms in the string-theoretic loop expansion of some physical quantity, a more trustworthy definition of perturbativity than the one we will offer could be obtained.
We finally note the useful expression
for the mass of the lowest-lying massive string state.
Duality criterion for weak coupling of SO(32)
One possibility to quantify the boundary of the weak coupling regime of the SO (32) heterotic string is to use the strong/weak coupling duality with type I string theory [31] . In analogy to Eq. (2), the relevant part of the low-energy action of the type I string reads
e −2φ I R I + 1 4g 
We will describe the vacuum by φ H = φ I = 0 such that Eqs. (2) and (8) take the same form and continue to use the parameters M P,10 , M Y M,10 as well as the parameter u characterizing the strength of the string coupling: g I ∼ 1/u. The mass of the lowest-lying excited string state is then given, in terms of the field theory parameters, by
Now, comparing Eqs. (7) and (10), the following quantitative description of the weak and strong coupling regimes of the two string theories suggests itself. Taking, for example, M P,10 and u as the fundamental parameters, focus first on the region where u is very small and we can trust the perturbative heterotic description. According to Eqs. (7) and (10), in this regime m H ≪ m I . This implies that the perturbative type I description has broken down since there exists a massive state much lighter than the first excited state of string perturbation theory. Next, focussing on the region of large u, where m I ≪ m H and we know that we can trust type I perturbation theory, the same argument can be made for the heterotic string: The heterotic perturbative description has broken down since the type I excited state with mass m I (which must be non-perturbative in nature from the heterotic perspective) is much lighter than the lowest-lying massive heterotic state. Finally, if one attempts to extend the heterotic and type I perturbative descriptions to larger/smaller u respectively, one obviously faces a fundamental problem at the point where m H = m I since, at this point, perturbative and non-perturbative states with comparable mass exist from both perspectives. It is then natural to define this special (critical) point u
as the upper/lower boundary of the heterotic/type I perturbative regime.
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This situation is illustrated in Fig. 1 where the masses of the lowest-lying heterotic and type I state are plotted as functions of u. Note that, on the basis of perturbation theory, one can only trust the lower of the two lines at any given point u. In particular, the extension of the m I curve into the region of small u is, as far as we know, only 4 There appears to be a factor-of-2 discrepancy with [13] . 5 In ref. [13] , a heterotic string coupling λ H is defined and the actual expansion parameter of string theory is stated to be λ 2 H /(2π) 5 . Setting this parameter to one corresponds, in our conventions, to a critical parameter u . We can not comment on the origin of this small discrepancy since no derivation of the string expansion parameter appears in [13] . speculative at the quantitative level. However, the extension of the m H curve into the region of large u is known to be meaningful and to represent the heavy D1-brane of the type I theory [31] .
As a cautionary remark, our characterization of the heterotic weak coupling regime by u ≪ u c is certainly optimistic: We know that perturbation theory breaks down at u = u c , but we can not exclude that it breaks down earlier. Note that so far we have only been concerned with perturbative calculability of the massive spectrum -the field theoretic gauge couplings will be discussed below.
Duality criterion for weak coupling of E 8 ×E 8
A similar analysis can be performed for the E 8 ×E 8 heterotic theory. The low-energy lagrangian of this theory is the same as in the SO(32) case, but the dual theory is now heterotic M-theory [34] , i.e., an S 1 /Z 2 orbifold reduction of 11d supergravity with gauge fields localized at the fixed points. The parameters κ 10 and g 10 of the resulting 10d Yang-Mills supergravity lagrangian (cf. Eq. (2) with φ H = 0) are related by 
to the 11d gravitational coupling κ 11 and the radius ρ of the S 1 . Note that, following [34] , these relations assume compactification on an S 1 with Z 2 symmetry of the bulk fields (rather than compactification on an interval of size πρ with appropriate boundary conditions).
Although, in contrast to the type I string, this dual theory does not contain a microscopic description (i.e., an explicit UV completion), we can nevertheless repeat the strong/weak coupling argument of the last subsection. Indeed, since ρ ∼ u 3/4 /M P,10 , we can trust the 11d field theory description at large u. This implies that the lowest-lying massive state in this regime is the first Kaluza-Klein (KK) excitation of supergravity with mass m KK = 1/ρ. In our definition of perturbativity this mass will take the place of m I in the last subsection. Thus, as before, we will assume that the E 8 ×E 8 heterotic (7) and (13) . The critical point u c separates heterotic-string (left) and 11d-supergravity (right) weak coupling regimes.
string is weakly coupled as long as m H (the same as in the SO(32) theory) is smaller than m KK . Explicitly, we have
which is illustrated in Fig. 2 . Although Eq. (13) This motivates us to give a precise definition of a heterotic and a type I string coupling, g H and g I ,
These couplings relate in the usual way to the dilaton field, g H ∼ exp(φ H ), have a clear duality based definition in that g H = g I = 1 characterizes the crossing points in Figs. 1 and 2, and will simplify subsequent formulae involving the 4d gauge coupling α GU T . Most importantly, with these definitions the usual perturbativity requirements g H < 1 and g I < 1 now have a more precise motivation in terms of the correctly predicted lowest-lying massive states.
Naive dimensional analysis in effective field theory
It is also possible to estimate the critical value of u, where string-theoretic perturbativity is lost, directly within the 10d low-energy effective field theory. More specifically, we will approximate the string-theoretic one-loop effect by the field-theoretic one-loop integral cut off at the string scale. Equivalently, we can take the point of view that the 10d gauge theory with cutoff Λ has a dimensionless expansion parameter ∼ g 2 10 Λ 6 and require the 6 Note that a different relation between 11d and 10d parameters was found in [35] , corresponding to an extra factor 2 1/3 in the expression for g cutoff (i.e. the string scale) to be sufficiently low to ensure that this expansion parameter is smaller than one.
To be generic, we begin with the Yang-Mills lagrangian in d dimensions written in a representation R,
where the field strength is defined as after Eq. (2). On the basis of this lagrangian, the ratio of one-loop and tree-level terms (e.g., the one-loop correction to the gauge boson propagator) can be estimated as
Here the first factor g 2 d,R is obvious, the second factor comes from the standard loop integral [36] 
while the last factor arises from the group-theoretic degeneracy of the gauge bosons propagating in the loop. It can be understood as follows (see, e.g., ref. [37] for group-theoretic details): The inverse propagator derived directly from Eq. (15) (without canonical field redefinition) comes with a factor T R , defined by Tr R (T a T b ) = T R δ ab for group generators T a , T b . The 3-gauge-boson vertex comes with a factor T R f abc , where the structure constants are defined by [T a , T b ] = if abc T c . Thus, the one-loop correction to a propagator, which contains two extra vertices and three extra propagators, has a relative group theory factor C A /T R , where We would like to make some technical comments concerning this group-theoretical loop-factor: Clearly, we can not expect this "colour factor" to be exact -it is only meant to capture the dominant effect for large groups (e.g., the large N limit of SU(N)) and can be changed by an O(1) multiplicative constant if different conventions are chosen. In our conventions, the colour factor becomes trivial in the adjoint representation, which we consider a natural choice. Also, if we consider 4d SU(N) with the lagrangian of Eq. (15) and R = F the fundamental representation, the expansion parameter of Eq. (16) becomes 2g
. In this case, the conventional gauge coupling used in phenomenology is defined as g 2 = 2g 2 4,F . Thus, the loop expansion parameter is equal to the 't Hooft coupling g 2 N divided by the familiar 4d loop factor 16π 2 . For N = 3, the expansion parameter is then 3α s /(4π), which is consistent with what is found in explicit QCD loop calculations.
Returning to the SO(N) case relevant for the heterotic string, the colour factor appearing in Eq. (16) is N−2, i.e. 30 for SO (32) . This is also the correct factor for E 8 ×E 8 , as is obvious from the normalization factor (1/30) mentioned after Eq. (2) (which we now have effectively derived). Thus, with d = 10 and Λ = m H , the requirement that the loop factor of Eq. (16) is equal to one leads to a condition on u. The resulting critical value u
is astonishingly close to that of Eq. (11),
97. This should presumably not be taken too seriously, given that Λ = m H was an ad-hoc choice and that a small variation of the cutoff would affect the result significantly. Nevertheless, we view this subsection as an important confirmation that the critical coupling u c obtained before has the correct order of magnitude and that, with the above definition of the string coupling, g H < 1 is a useful criterion for perturbativity. We hope that this quantitative definition of the perturbative regime will also prove useful in other settings (cf. e.g. the discussion in [38] ).
Isotropic vs. anisotropic compactifications 3.1 The isotropic case
As discussed in detail in [13] , isotropic compactifications (with all the compactification radii roughly equal) do not straightforwardly lead to realistic unified models, neither in heterotic nor in type I string theory (with only D9-branes present). A crucial assumption made in this context is that the unification scale is linked to either the string or the compactification scale. The problems are due to the phenomenological requirement α GU T ≃ 1/25 together with the compactification formulas α GU T = g To be specific, in a toroidal system with V = (2πR) 6 , the gauge coupling is given by
with the string couplings defined in Eq. (14) . Although written down in the oversimplified case of a torus, these equations can also be used to discuss the more general Calabi-Yau or orbifold case with typical length scale R. The above relations are to be supplemented with the formulae
fixing the string scale in terms of the Planck scale and leading famously to the g Hindependent result α ′−1/2 H = 8.6 × 10 17 GeV in the heterotic case.
The unification scale problem is now very transparent. Focus first on the heterotic case and take the (arguably natural) radius R ≃ m −1 H . The parametric smallness of α GU T is then equivalent to a small string coupling g H , which justifies quantitative gauge coupling unification, but at the too high scale m H . In the type I case, we can analogously assume R ≃ m −1 I , implying small g I and leading to the somewhat better but nevertheless high unification scale m I ≃ M P α GU T /2 ≃ 2.4 × 10 17 GeV. Of course, we are using only the simplest form of heterotic-type I duality, considering type I theory with just D9-branes. This is a very restricted framework where the whole wealth of simple orbifold models of the heterotic theory is not available. One would then have to stick to the true Calabi-Yau case, which is difficult since the radius is too small to justify the supergravity approximation. Considering type I theory on its own, many interesting D-brane models can and have been considered. However, this goes beyond the scope of this work, which focusses on geometric constructions based directly on the 10d super Yang-Mills theory and its stringy UV completion.
The alternative point of view is to take g H = g I = 1 and to derive the parametric smallness of α GU T from a large compactification volume. This corresponds to identifying M GU T with R −1 . However, due to the high power of R appearing in Eq. (19) , the improvement is only minor: R ≃ 2m H,I is sufficient to explain the observed small gauge coupling so that the unification scale, if identified with R −1 , is not lowered significantly.
We would now like to comment on the heterotic M-theory case dual to the E 8 ×E 8 heterotic string. To discuss this case, Eqs. (19) and (20) have to be supplemented with the relation
KK . In analogy to the heterotic and type I string theory discussion above, we can explain the smallness of α GU T by either small g H ≪ 1, which does indeed allow for solutions with R −1 ≪ M P . Nevertheless, limitations arise since the product space structure of 6d manifold and S 1 /Z 2 assumed above is lost [11] .
Taking some of the radii large
The possible solution to the above difficulties on which we now want to focus uses compactifications with very different radii such that the GUT scale is linked to the larger radii. As will be discussed below in explicit examples, this can be realized if the GUT group is broken by Wilson lines whose length is associated with those radii.
To be specific, consider heterotic models with internal space 
As before, we use this simple toric situation as an approximation to the more interesting asymmetric Calabi-Yau or orbifold case.
The most favourable case of d = 1 leads, for g H ≃ 1 and R s ≃ m
16 GeV. In this situation, one is effectively considering a 5d theory in some intermediate energy range. To have a non-contractible Wilson line, this must be compactified to 4d on an S 1 . Unfortunately, this situation can not be realized with Calabi-Yaus, which do not possess 1-cycles. It can also not be realized in the toric orbifold case since the S 1 compactification implies unbroken N = 2 SUSY in 4d. 7 Thus, the lack of promising examples forces us to drop the d = 1 case in this context.
The case d = 1 remains interesting in the following sense: Even if R l is not the GUT scale, the relative logarithmic running of inverse SM gauge couplings could be different above R −1 allowing the true GUT scale (where this differential running stops) to be changed. This occurs naturally in the context of 5d or 6d orbifold GUTs [16, 17] . Large threshold corrections producing such an effect where discussed early on in string model building [6] . Of course, such scenarios with modified differential running above the scale R −1 l can also be consider for d > 1.
In the second best case of d = 2, we will show explicitly below that, even at the simplest level of toric orbifolds, examples with 4d N = 1 SUSY and GUT-breaking Wilson lines associated with the two large radii exist. Numerically, the situation is clearly worse than for d = 1, since g H ≃ 1 and R s ≃ m −1
17 GeV. Alternatively, we can insist on R
2 ≃ 12, which means that we have to face either small radii below the string length scale or a large string coupling.
Facing very small radii or a large string coupling
As argued above, we are led to consider string compactifications to 4 + d dimensions where R s and g H are constrained by Eq. (21) . We emphasize that, in this equation, α GU T , m H and R l are now fixed by phenomenology (R −1 l ≃ M GU T in the simplest case but possibly varying depending on the details of the running). The interesting question is then how much quantitative control over this 4 + d dimensional model we can gain and how much control we need in order to ensure quantitative gauge coupling unification. As already explained in the most promising case of d = 2, the fully perturbative regime g H ≪ 1 and R s ≫ m −1 H is excluded. The crucial point to be made in this subsection, which is also at the heart of the models with non-local GUT breaking discussed later on, is that we do not need a perturbative UV completion of the 4 + d dimensional field theory. Specifically, in the case of d = 2 and non-local GUT breaking, we only require control over light 6d states up to the scale R −1 l . The contribution of all heavier states to non-universal GUT threshold corrections will be exponentially suppressed because of field theoretic locality. This is based on the fact that, on length-scales smaller than R l in the 6d field theory, the GUT group is never broken.
7 This is easy to see since one is effectively considering a 5d theory compactified on S 1 . If the 5d SUSY corresponds to N = 2 (in 4d language), the allowed SU(2) R-symmetry can only break this SUSY to N = 0 or not at all. If the 5d SUSY is N = 4, the small transverse space must be free of singularities. Then a breaking to N = 1 in 4d would mean that one has explicitly found a locally flat true Calabi-Yau, which is known not to exist.
However, the absence of such dangerous light states is not entirely obvious. In particular, winding modes with mass ∼ R s /α ′ are in general present. They become light in the limit of small R s . This in itself would not be a very serious difficulty since, for d = 2 and g H = O(1), small radii R s ≃ m −1 H / √ 12 are sufficient. Thus, the winding states are much heavier than M GU T . The more serious issue is that these light states can spoil string-theoretic perturbativity. This can be quantified most easily by appealing to T duality. In the simplest case, T duality means that a physical setting with Regge slope α ′ H , string coupling g H , and a single compactification radius R can be equivalently described by a string theory with parameters α
. The above light winding states are the KK states of the dual description. The real problem is the potentially very large dual string coupling that arises if the duality is applied to all small radii. This strongly coupled theory may contain extremely light non-perturbative states.
Before entering a more detailed discussion of specific settings, we have to recall that we used and will continue to use tree level formulae in our coupling strength analysis. This is justified if the intermediate-energy 4+d dimensional theory has maximal (N = 4) SUSY protecting us from loop corrections and if we can appeal to bulk dominance (parametrical largeness of the 4+d dimensional volume) in the last compactification step. If, at the intermediate stage, we encounter a higher-dimensional N = 2 gauge theory, O(1) corrections to the gauge coupling may arise. We ignore them with the argument that, at the present level of precision, all that matters is the approximate size of the underlying string coupling and not the specific O(1) factor linking it to the GUT gauge coupling. However, it is conceivable that in very specific settings, e.g. in situations close to the UV fixed point regime of [40] , the 1-loop corrections of the N = 2 SUSY gauge theory modify the naive tree-level analysis dramatically and allow for a solution of the string scale/GUT scale problem very different from the one discussed in this paper.
Two large and four small radii
The potential problem of dangerous light states can be brought under control if, using a network of dualities [26] , we manage to find a perturbative UV completion in the simplified case of a flat 4+d dimensional theory. This may be possible by going to the type I description via S duality. We now focus on d = 2. Consider the two-dimensional space parameterized by g H and R s and enforce the constraint
This defines a one-parameter set of models within which we can search for an appropriate dual description of our 6d low-energy theory. The type I duals have parameters g I = g [41] . Writing this in terms of the original parameters and expressing R s as a function of g H and m H , one finds
Using g H ≃ (12) 2 to keep g II at the boundary of perturbativity, this implies R l /R ′ s ≃ 2, i.e., the KK states of this (almost) perturbatively controlled model are marginally above the GUT-breaking scale. Notice that all other string states (e.g., the fundamental string excitations with mass m I ) are heavier than these KK states and are therefore less problematic.
Of course, we do not really need the type II model with coupling g II to be perturbative. Our interest is only in the light states of mass R
The presence of the light (a factor of 2 to 3 above R −1 l ) non-perturbative states found above is potentially dangerous. However, since they are Kaluza-Klein excitations in the internal dimensions orthogonal to the D5-branes, they are not charged under the gauge group. We can therefore hope that their sole effect will be a mild modification of the internal geometry, not affecting the basic picture of field-theoretic non-local GUT breaking at M GU T ≃ R −1 l . Furthermore, since field-theoretic locality leads to an exponential suppression of all effects related to states above the scale R −1 l , we can hope that the very mild hierarchy R l /R ′ s found above is sufficient. In many concrete models, the situation will be further improved by the following effect. In the presence of Wilson lines, which are anyway a crucial ingredient in realistic model building, the toroidal dimensional reduction [42] and, consequently, the T-duality rules [43] are modified, with the effect that the potential perturbativity loss can be avoided.
Specifically, in a model with g H < 1 and R s < α ′ 1/2 H , the potential loss of calculability is due to the light winding modes of mass m ∼ R s /α ′ H . The presence of a Wilson line A modifies the relevant mass formula. Focussing for simplicity on the case of one compact dimension, the masses of states in a gauge representation labelled by the root-space vector q read [29, 42] 
Here the dot-product refers to vector multiplication in root space and the integers n and w are the KK and winding numbers, which are subject to the constraint
The non-negative integers N andÑ characterize the excitation levels of the left-moving world-sheet bosons and the right-moving Ramond sector respectively.
The crucial point following from the above equations is that, for a moderately large Wilson line value, the tower of light winding modes with spacing R/α ′ H disappears.
8 At least naively, this seems to solve the problem completely. From a duality point of view this is also apparent since the modification of the T -duality rules [43] is such that the T -dual theory has a smaller coupling than without Wilson lines. As a result, we can expect that potentially dangerous non-perturbative states, whose mass grows with the inverse coupling, become heavier.
One large and five small radii
As already explained, the analysis is very sensitive to the number of large compact dimensions. For d > 2 the situation is qualitatively similar to the d = 2 case but, clearly, the potential perturbativity loss is more severe. We do not enter into a numerical discussion of these cases. The case d = 1, instead, deserves more care. Indeed, even though we know that a single large internal dimension cannot be used to set the scale of non-local GUT breaking, it can provide low-scale thresholds which can be relevant for the GUT scale/string scale problem.
Therefore, in the following discussion of the d = 1 case, we do not set R −1 l equal to M GU T but keep it as a free parameter. We are thus studying a space parameterized by R l , R s and g H with the constraint
which provides us with a two-parameter set of models. We parameterize this set by R l and R s . As long as R l < 50/m H , we can choose R s ≃ m
−1
H and find ourselves in the perturbative heterotic regime. This puts the lowest-lying massive states of the 5d field theory at the scale m H . If, however, R l > 50/m H , the heterotic UV completion becomes non-perturbative.
In this case, we can try the type I dual with g I = g 
implying that this description is also non-perturbative (either g
or R s m I have to be smaller than one). The T dual of this type I model, which is a type IIA model with D4-branes, has parameters
which finally provides a perturbative UV completion. More specifically, we can go to the boundary of the perturbative domain, g II ≃ 1, by choosing R s such that
8 As an example, one can consider the case A ∼ 
This implies
so that, from a 5d field theory perspective, the lowest-lying massive states appear at a scale 50M c in the best case. As will be discussed in more detail in Sect. 4.2, this validity range of the 5d field theory is sufficient for quantitative gauge coupling unification in the orbifold GUT framework. However, R l can not be made much larger than 50/m H without restricting the above validity range. (The second part of Eq. (30) confirms that there is no danger from too small radii in the type IIA model.)
Large and small radii in the E 8 ×E 8 theory
In the case of the heterotic E 8 ×E 8 theory, we have less control than in the SO(32) case discussed above. The reason is that, after using the analogue of S duality to go to the M theory (11d supergravity on S 1 /Z 2 ) side of the model, we do not have the tool of T duality at our disposal. It is then difficult to quantify the danger of making the small radii R s too small. We attempt to achieve this in the following way.
From the formulae of Sect. (3.1) one derives the S 1 radius
with m H = 2/ √ α ′ H = 2 × 8.6 × 10 17 GeV being fixed phenomenologically. To proceed, we start from the 'critical point' g H = 1, where we assume both the heterotic string and the M theory description to be qualitatively correct. At this point, we set the small radii to the minimal value suggested by the string theory description, R s ≃ m H for d = 1. Now we want to see whether we can make R l larger, which corresponds to moving into the M theory regime. We assume that the smallness of R s is limited by physics local in the 11th dimension (i.e., we are not allowed to make R s too small in units of g 1/3 10 or κ 2/7 11 ). Thus, when moving away from g H = 1 the small radii, if kept at their minimal value, scale as
where the second proportionality follows from the phenomenologically fixed 4d gauge coupling. The above implies R s ∼ R l so that, on the basis of Eq. (31), the parameter ρ grows like R 3 l if R l is increased above its critical value (i.e., its value at g H = 1 and minimal R s ). From the low-energy field theory perspective, this means that the threshold set by ρ (and thus the potentially non-perturbative physics related to the interplay of the curved branes and the bulk) move quickly into the infrared if we attempt to take R l to or below the GUT scale.
Numerically, for d = 2 the ratio of small and large radii is fixed to R s /R l ≃ 1/7. The relation
then implies that, when R l is increased, one encounters the equality R l = ρ already at R −1 l ≃ 9.3 × 10 16 GeV. Thus, it is impossible to reach the GUT scale without leaving the 6d gauge theory regime (although the mismatch is not too severe).
In the d = 1 case, instead, the ratio of radii is fixed at R s /R l ≃ 1/50 and the M theory radius is given by
The large power of R l on the r.h. side makes the situation less favourable than in the SO(32) case, where an analogous relation is given by the first part of Eq. (30) . For example, ρ = R l implies R −1 l ≃ 4.8 × 10 15 GeV, meaning that there is no 5d field theory regime below that scale.
9 Even with R −1 l ≃ M GU T and the resulting cutoff ρ −1 ≃ 3.5×10
17
GeV the validity range of 5d field theory is still relatively small (a factor ∼ 17 in energy scales).
In both cases, the constraints on low values of R −1 l and a corresponding higherdimensional field theory at low energy scales are more severe than for the SO(32) heterotic string. However, our analysis was conservative: larger R l might be feasible if, for example, R s could be taken to values below m −1 H (recall that this appears to be possible in the SO(32) case because of the modified T duality in the presence of Wilson lines). We discuss in 5.2 the relevance of these bounds on heterotic E 8 × E 8 orbifold GUT model building.
4 Non-local vs. local gauge symmetry breaking in string theory
Non-local breaking on a freely-acting orbifold
Orbifold compactifications of string theory allow for many gauge and SUSY breaking patterns which can be classified using the concept of "locality". We will call the breaking of a certain symmetry in an extra-dimensional model "local" if it is realized at certain points in the internal space; it is instead "non-local" if it is due to some global property of the whole internal space. In the first case, the scale of breaking is tied to the cutoff, e.g., the string scale. In the second case, it is related to the size of the internal space.
A standard example of local gauge symmetry and SUSY breaking is the quantization on an orbifold generated by a discrete symmetry g which acts as a rotation in the internal space, combined with a non-trivial transformation of the gauge bundle. The breaking is local since there are, in the internal space, points x f such that g : x f → x f . The gauge symmetry and SUSY breaking is localized in these fixed points. Furthermore, the twisted states, which come in multiplets of the reduced gauge symmetry (SUSY) and do not fill out multiplets of the original symmetry, live at these points.
Non-local breaking can instead be realized by modding out a discrete symmetry generated by an operator h which acts freely (i.e., without fixed points) in the internal space. In this case the symmetry breaking due to h is not localized and the breaking scale is not tied to the string scale. Instead, it is set by some of the compact radii (cf. Sect. 5.1). For example, defining h as a translation in the internal space, combined with a rotation in the gauge (R-symmetry) group, a non-local gauge symmetry (SUSY) breaking can be realized. This mechanism is also known as Scherk-Schwarz symmetry breaking [44] or Hosotani mechanism [45] (cf. also [2, 46] ). We emphasize that our interest will be in the quantized, non-local realization of gauge symmetry breaking [46] (see also [47] and refs. therein) rather than in the continuously varying Wilson lines usually associated with the term Hosotani-mechanism. String-theoretic implementations following [44] focussed mainly on SUSY breaking [48] . They were later realized in explicit orbifold constructions [49] and further developed both in heterotic [50] and type I model building [51] .
It is possible to use the non-local mechanism to break a GUT gauge group to the SM at an energy scale different from the string scale, solving, in this way, the string scale/GUT scale problem. The main idea is to build an orbifold model where the orbifold group contains non-freely acting operators g ′ , preserving the GUT symmetry, and freely acting operators g, breaking the GUT symmetry [46] . Of course, by this orbifolding, an appropriate SUSY breaking to N = 1 in 4d must also be realized.
To be more specific, we consider the internal space T 6 = T 2 × T 2 × T 2 , with each of the 2-tori parameterized by a complex number z i , i = 1, 2, 3. The torus structure emerges after the identifications z i ∼ z i + (n + mτ i ), τ i being the complex structure moduli of the 2-tori and n, m ∈ Z. Now introduce a group Z N × Z ′ M with generators g and g ′ . Let g act as a translation in one of the 6 compact dimensions, e.g.,
while the action in the rest of the space is generic. The full action of g is then free and we can embed g in the gauge group in a GUT-symmetry-breaking way. Notice that, as discussed earlier, g breaks SUSY to N ≥ 2 (or to N = 0, which is not interesting in our context). Thus, we clearly need an extra orbifold operator g ′ generating the second Z ′ M . We do not require g ′ to act freely which means that, to have non-local GUT-breaking, the gauge embedding of g ′ must be GUT-preserving. In order to reduce SUSY to N = 1 in 4d, it is necessary that g ′ contains a rotation involving Re(z 1 ). Furthermore, given the non-free action of g ′ , the other GUT-breaking operators g a · g ′ b (a, b ∈ {0, · · · , N −1}, a = 0) act, in general, non-freely. This can be avoided by a careful choice of the actions of g and g ′ in the rest of the internal dimensions. Remarkably, these actions can not be just standard rotations around the origin.
We now provide two simple examples for N = M = 2 and for N = M = 3, leaving a complete classification of this type of orbifold models for future work. In the first case we choose
Note that the GUT-breaking operator g acts as a rototranslation. It is easy to check that the second GUT-breaking operator g · g ′ also acts freely (the key being that the action of g ′ on the second torus is not just a rotation around the origin). The breaking is delocalized along the real parts of z 1 and z 2 . In the limit where the two corresponding radii become large, one recovers the 6d field theory model of [24] . (The underlying nontrivial 2d topology, which is that of the projective plane, has been mentioned before in the non-SUSY context [52] .)
In the second case, since we have Z 3 -rotations, we need τ i = e πi/3 . We choose
As before, g is GUT-breaking and g ′ is GUT-preserving.
It is interesting to study the relation of these kinds of models to constructions with gauge symmetry breaking by Wilson lines, both in the continuous and quantized case. Models with quantized Wilson lines are conceptually close to our discussion since a quantized Wilson line is obtained if a freely acting symmetry h ′ (a translation in the internal space) combined with a (quantized) rotation in the gauge bundle is modded out. The quantization arises from the consistency with other (rotational) symmetries modded out in parallel. As we will demonstrate below, our non-local breaking can be realized, quite analogously, by consistently combining Wilson lines with orbifold operations. However, in our case the latter can not be merely standard rotations. Rather, they must include rototranslations.
To make the above discussion more explicit, consider the following
example, where the various factors of the orbifold group are generated by g, g ′ and g ′′ ,
We choose the actions of g ′ and g ′′ in the gauge bundle to be GUT-preserving while that of g is GUT-breaking. Actually, the GUT-breaking operator g is nothing else than a quantized Wilson line. However, in general this is not sufficient to make the overall GUT breaking non-local. All the other GUT-breaking operators, g·g ′ , g·g ′′ , and g·g ′ ·g ′′ , have to act freely as well. For this it is crucial that g ′′ (the operator rotating the axis along which g is a translation) is not a pure rotation, but rather a rototranslation (g ′′ :
). Furthermore, the actions of g ′ and g ′′ on z 2 are not both rotations around the same axis. Rather, the choice of axes is such that
The relation of non-local quantized gauge symmetry breaking to continuous Wilson lines is instead less direct. It is well known [53, 54] and has already been emphasized above that such Wilson lines are a fundamental tool in realistic orbifold model building. Continuous Wilson line breaking is, in general, truly non-local since the corresponding non-contractible loops can not be shrunk to zero length at an orbifold fixed point. Geometrically, they characterize the relative orientation in gauge space of breaking-patterns realized at spatially separated fixed points. However, a GUT breaking by continuous Wilson lines is, from a field theory point of view, nothing but the breaking by a Higgs field developing a VEV along a flat direction. This is a major difference with the non-local quantized Wilson line case, where the breaking scale is set by the size of certain compact radii. Of course, on top of non-local (as well as local) breaking by quantized Wilson lines, additional breaking by continuous Wilson lines may be present. This group-theoretically distinct, extra breaking is, in general, rank-reducing.
Local breaking and modified running above the compactification scale
In this subsection we discuss the implications of a gauge symmetry breaking that is local from the point of view of the 4 + d dimensional field theory; we can be very brief since this situation has recently been discussed in some detail in the context of orbifold GUTs. We are assuming, as before, 4d MSSM running up to a scale M c ≃ R −1 l set by the d large compactification radii. Above that scale, we are facing a 4 + d dimensional field theory. In our context, the simplest models are those where this field theory has a unified gauge symmetry in the 4 + d dimensional bulk, which is broken only at certain singular points in the d-dimensional compact space. 10 The logarithmic running of the differences of the three inverse SM gauge couplings continues, in general, above M c and stops at either a strong-interaction or string scale M > M c . At this scale, the three gauge couplings have to be equal up to possible small differences due to threshold corrections arising from physics at the scale M.
There are two potential disadvantages of this approach when compared to the nonlocal breaking discussed above. First, the running above M c is model-dependent (and in general different from the MSSM running). It can and must be adjusted to ensure unification at the scale M. This implies that, to the extent to which ln(M/M c ) is not negligible compared to ln(M/m Z ), the purely MSSM-based prediction of gauge unification is lost. Second, as already discussed in Sect. 3.3 (see also further down), the UV completion relevant at the scale M (especially in the vicinity of the orbifold fixed points) will, in general, not be perturbative. Thus, in many otherwise attractive models, threshold corrections may be uncalculable in principle, and no tests with an accuracy better than the familiar one-loop MSSM running may be possible. Of course, the advantage of this local-breaking scenario is that any known heterotic orbifold model can be deformed by making some of its radii large, providing many potentially interesting and realistic examples.
To be more quantitative, we have to make use of the detailed results of Sects. 3.2 and 3.3. In the most promising case of d = 1, we are dealing, above the scale M c , with a 5d field theory compactified on an interval (which can be viewed as an
GeV, the heterotic UV completion can be realized in the perturbative regime. This situation may look somewhat contrived since the gauge couplings meet at M GU T by pure chance, continue to run in an MSSM-like way up to M c , and finally meet again at M ≃ m H after the modified logarithmic running between M c and M. However, there is nothing wrong with this option in principle.
16 GeV (including in particular the case where M c < M GU T ), the heterotic theory at scale m H is strongly coupled, and dangerous non-perturbative light states may be present. The analysis of Sect. 3.3 has shown that no such states appear below a scale
We are unable to discuss the presumably non-perturbative physics near the orbifold fixed points at energies ∼ M. However, it is natural that any brane-localized corrections to gauge unification arising from this type of physics will be suppressed by a volume factor M c /M, which is comfortably large for M c ∼ M GU T . (We assume that the branes have an effective thickness ∼ M −1 .) However, we also see that, when M c is lowered significantly below the GUT scale, bulk dominance (and hence calculability of gauge coupling unification) is gradually lost.
As a side remark, we note that the lowest value of M c (for d = 1) compatible with the heterotic perturbative regime, M c ≃ m H /50 ≃ 3.4 × 10 16 GeV, is intriguingly close to M GU T . To make quantitative use of this fact, we would need to find a model where the GUT symmetry is broken at the boundary of an interval of size M −1 c and no differential running of (brane localized contributions to) SM gauge couplings occurs above that scale.
For brane-localized GUT breaking in models with d ≥ 2 large radii, the quantitative situation with respect to gauge coupling unification appears to be more challenging. In particular, as discussed in detail in the d = 2 case in Sect. 3.3.1, there are massive string theory states very close to the compactification scale R −1 l . In the non-local breaking case, where their effects are exponentially suppressed, we could hope that a small hierarchy, say M/M c ∼ MR l ∼ 3, is sufficient. In the local breaking case with an effective brane thickness ∼ M −1 , the volume suppression of localized GUT breaking effects by (MR l ) −d ∼ 1/9 is dangerously weak. Of course, we can hope that specific models have smaller non-perturbative corrections, e.g. because of the 'Wilson line improvement' 16 GeV can, in principle, be constructed. In the present section we present a model which, though not complete, can form the basis of a realistic model implementing the above ideas.
We parameterize the internal space as in Sect. 4, but with dimensionful parameters z i = x i + i y i , so that the periodicities are z i ∼ z i + 2πR i (m + nτ i ). For simplicity, we consider rectangular tori with 6 radii R i and R 3+i (for i = 1, 2, 3) where τ i = i R 3+i /R i is purely imaginary. The geometric action of Eqs. (36) and (37) is then rewritten as
as summarized in Fig. 3 .
The GUT group is part of the gauge group left unbroken by the action of g ′ in the gauge bundle as well as by possible Wilson lines. Allowed choices for this group are discussed below. 11 The GUT group is then broken by g. Since this operator includes a translation along x 1 , it has no fixed points in the internal space and its gauge symmetry breaking scale is ∼ R −1
1 . The only other GUT-symmetry-breaking operator is g ·g ′ , which includes a translation along x 2 and correspondingly has a GUT symmetry breaking scale ∼ R −1 2 . We can then take
Recall that, as explained in detail in Sect. 3.3.1, potentially dangerous light states of the 6d effective field theory are somewhat closer to M GU T than the fairly high scale α
It is also interesting to note how, scanning energy scales in effective field theory, one first finds the 2d compact space of [24] , parameterized here by the coordinates x 1 and x 2 . Then, at higher energies, each of the points of this 2d space (away from the two orbifold singularities) can be resolved as a T 4 , parameterized by y 1 , y 2 and z 3 (see Fig. 4 ).
Gauge embedding: a toy model
We now explicitly discuss the gauge embedding of the actions of g and g ′ . We begin with a simple example and continue, in the next subsection, with the much wider class of models with quantized Wilson lines including, in particular, an SO(10) GUT model broken non-locally to SU(4)×SU(2)×SU(2).
The most general gauge embedding of the action of g ′ and g can be characterized by shift vectors
with p < n < p + m. The familiar requirements of modular invariance (for a recent collection of the relevant formulae see, e.g., [20] ) impose n = 2 mod 4, m = 2 mod 4, and p odd. The gauge symmetry breaking by Z ′ 2 (at the high scale) is
where n = 2, 6, 10, 14 are possible. 12 The breaking by Z 2 (at the GUT scale) is
Within this toy model we can identify, for example, 'G GU T ' ≡ SO(2n) and 'G SM '≡ SO(2p)×SO(2n − 2p). Clearly, one is severely limited by the fact that the GUT group can only be SO (12) , SO(20) or SO(28).
A Pati-Salam model with two Wilson lines
The situation can be greatly improved by adding two Wilson lines to the system. In the next example, the Z ′ 2 projection in the presence of Wilson lines breaks, at the high scale, SO (32) to SO(10)×G. We can now identify the GUT group with SO(10) and realize its further breaking to the Pati-Salam group SO(6)×SO(4) ≡ SU(4)×SU (2)×SU (2) by the free action of g ′ . Explicitly, we take
Note that these vectors are just a specific case of Eq. (46), where n = 10, m = 6, p = 7 and Cartan generators have been reshuffled to bring V to a form which will be more convenient later on. We also introduce the Wilson lines
in y 1 and y 2 direction. Since the corresponding radii R 4 and R 5 are very short, the breaking introduced by these two Wilson lines is a high-scale breaking, realized everywhere in the 6d bulk spanned by the large radii R 1 and R 2 and the 4d Minkowski space. It is easy to see that the combined high-scale gauge symmetry breaking due to V ′ , A 1 and A 2 is
Identifying the GUT group with SO(10), the further breaking by g (characterized by V ) can be recognized as the desired non-local GUT breaking SO(10) → SO(6)×SO (4) . At this point, we have to assume that a further breaking to the SM gauge group can be realized either field-theoretically (at least the doublet-triplet splitting problem is now solved) or in a better string model. We leave the search for such a more complete model for the future.
The choice of compactification radii shown in Figs. 3 and 4 and discussed in Sect. 3.3.1 ensures that the GUT symmetry breaking has the correct scale, couplings unify quantitatively in the perturbative domain of 6d field-theory, and that the perturbative calculation of the string spectrum can be trusted qualitatively. Furthermore, we assume bulk dominance (which should, according to Sect. 4, be marginally valid) and recall that we have N = 4 SUSY away from the fixed points. Under these two premisses, the SUSYprotected relations between M P , α GU T , g H and α ′ H can be trusted quantitatively even though string-theoretic perturbativity at the high scale is, in general, lost.
Orbifold GUTs in 5 dimensions
This section is devoted to the implications of our general string-theoretic perturbativity analysis (and in particular the results of Sects. 3.3 and 4.2) for specific 5d unified models with brane localized GUT breaking (orbifold GUTs).
The simplest realistic orbifold GUTs have SU(5) symmetry in 5d, broken to the standard model group by appropriate Z 2 boundary conditions at one of the two boundaries (SM brane) [15] [16] [17] . In a minimalist setting, the two Higgs doublet superfields are introduced at this SM brane [17] . (At our level of precision, the bulk or brane nature of SM matter is irrelevant because it comes in full SU(5) multiplets.) In the setting with brane-localized Higgs doublets, the relative running of the differences of inverse gauge couplings (differential running) above M c is very close to the 4d MSSM: The relevant β function coefficients are (8/5, −2, −5) [17] , which have to be compared with the MSSM values (33/5, 1, −3). To quantify the similarity of these two sets of coefficients, consider ratios of the differences ∆α ij = α (53) The similarity of these two ratios implies that unification will not be drastically affected even if part of the usual MSSM running is replaced by the modified running above M c . The precision loss in the unification of the α −1 i can be quantified as
based on the total change of the difference of, e.g., the first two inverse couplings in conventional MSSM unification, ∆α 12 (m Z ) ≃ 30.
However, even though the modified running does not significantly affect unification precision, it does change the final unification scale because the 'speed' of the modified running is reduced. Estimating the reduction factor as (8/5+2)/(33/5−1) ≃ (−2+5)/(1+ 3) ≃ 0.7, this raised final unification scale (which we identify with the UV scale M of the relevant model) is determined by
Now recall that in orbifold GUTs as well as in corresponding string models with strong coupling at M, a limit on the precision of gauge unification is set by the ratio M/M c . If, on the one hand, M c is large (near M GU T ), Eq. (55) fixes the ultimate unification scale M dangerously close to M c . If, on the other hand, M c is small, Eq. (43) suggests that the UV scale M (and thus M/M c ) is low because of the presence of light non-perturbative states. The optimal value is M c ≃ 2.6 × 10
15 GeV, with M/M c ≃ 20. Although not comfortably large, this value may still be consistent with the basic orbifold GUT idea of gauge unification based on bulk dominance.
We expect the following features arising in the above specific model to be generic: If the differential running above M c is similar to the MSSM running but 'slower', then M > M GU T > M c and a certain validity range of 5d field theory (ensuring precision gauge coupling unification even in the case of a non-perturbative stringy UV completion at M) can be realized. The situation becomes better the slower the differential running above M c is. Ideally, one would want a model where, in spite of hard (from the fieldtheoretic perspective) GUT breaking at the boundary, no differential running above M c occurs. This would clearly require a very special bulk and brane field content.
In this paper, we have restricted ourselves to simple leading-log running, ignoring all other loop corrections. From this perspective, MSSM unification is perfect within the expected accuracy 13 and the problem is merely to achieve consistency with string theory and the scale of gravity. A more careful analysis, including loop corrections at the weak/SUSY-breaking scale and 2-loop running, reveals that the α 3 value predicted by grand unification is somewhat high (see [57] and refs. therein). In our opinion, this is not particularly serious in view of the significant high-scale uncertainties present, in particular, in string-based orbifold GUT models (recall the brane-localized non-universal gauge-kinetic terms). However, taking the discrepancy seriously, it was suggested early on that one can use the deviation of the differential running above M c from the MSSM running to account more accurately for the measured value of the strong coupling [22] . Without going into detail, we emphasize that the above string-theory-based restrictions on the size of the ratio M/M c apply and it may be necessary to reconsider such orbifold GUT models (with 'improved' unification) in this context.
We discussed 5d orbifold GUTs mainly using the perturbativity analysis of the SO(32) heterotic string. The E 8 ×E 8 case is also very relevant even though, as explained in Sect. 3.3.3, this scenario appears to be more constrained. A recent search for phenomenologically appealing string-theoretic orbifold GUT models of this type appeared in [19] , where the unification scale problem was also discussed. The authors conclude that one is driven into the M theory regime with the scales ρ and R l very close (although the problem of small R s is not analysed). This is consistent with our findings, which we interpret more strongly as implying a serious problem for precision gauge coupling unification (insufficient volume suppression of non-perturbative brane effects).
We finally note that, in our understanding, the discussion of local breaking in this subsection is close in spirit to the very recent analysis of [10] . There, a mildly increased radius is used to bring the unification scale closer to the string scale. We believe that the underlying effect is related to the slower differential running above M c used in this subsection and discussed earlier in the context of orbifold GUTs.
Conclusions
We have discussed mass scales in heterotic string model building, attempting to use the compactification radii to explain the well-known discrepancy between the SUSY unification scale M GU T and the string scale M string . Our starting point was the careful definition of a proper string coupling constant g such that g = 1 characterizes quantitatively the boundary of the perturbative regime of the heterotic string. We found surprisingly good agreement between a duality based and an effective field theory based definition of this string coupling.
Having rederived, with the above perturbativity definition, the well-known problems of isotropic compactifications, we focussed our attention on highly anisotropic orbifold geometries. Taking one of the compact radii larger than the other four, it is easy to move the corresponding compactification scale M c to the GUT scale without leaving the perturbative regime of string theory. However, it is unfortunately impossible to identify M c with the GUT breaking scale. The basic reason is that the compact geometry is that of an interval and that the GUT group is, in general, broken at one or both of its boundaries. The logarithmic running of gauge coupling differences then does not stop at M c but continues up to the string scale.
Nevertheless, this effective 5d scenario is interesting since the modified differential running between M c and the string scale may be used to realize a precise gauge coupling unification in spite of the fact that the running does not stop at M GU T . In fact, lowering the smaller radii to below the string length and/or entering the string-theoretic strong coupling regime, it is even possible to take M c significantly below M GU T . For example, we find it possible to have M c ≃ 2.6 × 10 15 GeV while losing perturbative control only at a scale M ∼ 20M c . In this situation, the bulk suppression factor 1/20 ensures (moderately) precise unification in spite of non-perturbative brane-localized effects at the scale M. Furthermore, the somewhat slower differential running above M c of the simplest orbifold GUTs improves the unification precision at the slightly high scale M > M GU T .
An obvious disadvantage of the above and other related 5d scenarios is the model dependence introduced by the modified differential running above M c . By contrast, in the case of two larger radii, it is possible to construct models where precise unification occurs just on the basis of the MSSM running between the electroweak scale and M GU T .
The key is the observation that, even in the case of simple toroidal orbifolds, the geometry of the two larger extra dimensions of these 6d models can be sufficiently complicated to allow for a non-local GUT breaking (with the scale set by M c ≃ M GU T ) together with an appropriate reduction of SUSY to N = 1. One has to pay the price of entering the non-perturbative regime of the underlying string theory sufficiently deeply so that one has to expect a breakdown of the 6d field theory very close to M c . However, since the GUT breaking is non-local, the resulting non-perturbative contributions to gauge coupling differences are exponentially suppressed and a small hierarchy between M c and the strong coupling scale M may be sufficient.
The technical tool used in the construction of the above models with two large radii and non-local breaking is the freely acting orbifold. The gauge symmetry is broken by non-local discrete Wilson lines, which can be viewed as an extension of the widely used method of discrete Wilson line breaking. To ensure that such Wilson lines introduce a non-local breaking (i.e., there are no fixed points with reduced gauge symmetry) it is necessary, starting from a torus with Wilson lines, to mod out rototranslations rather than simple rotations. We provide an explicit example where the original SO(32) gauge symmetry is broken near the string scale to a 6d SO (10) and then, by a non-local breaking at the GUT scale, to an SU(4)×SU(2)×SU(2) model in 4d.
In analysing how small the smaller of the orbifold radii can be made and at which energy scale string-theoretic perturbativity is lost, we had to rely heavily on S and T dualities. In particular, the above statements about the perturbativity loss in 5d or 6d field theory were based on going, via a network of dualities, to a weakly coupled description and identifying the lowest-lying (and thus most dangerous) massive string state. Our calculations were conservative in that we used toroidal compactifications and T dualities in their basic form. However, we know that in the presence of Wilson lines (which are in any case necessary in realistic model building) T duality constraints on the smallness of the small radii will be relaxed. Thus, we are confident that a large class of interesting models with the above promising features with respect to gauge coupling unification exist.
The T dualities mentioned above and used extensively in our analysis of the type I dual of the SO(32) heterotic string are not available for the M theory dual of the E 8 ×E 8 heterotic theory. Thus, our ability to analyse this case is significantly weaker (except for the special case with Wilson line breaking to SO(16)×SO (16) which is dual to the SO(32) theory). Using conservative estimates on the minimal allowed size of the small compact dimensions, we find that both in the effective 5d and 6d case generic E 8 ×E 8 string theory completions are more constrained than the corresponding SO(32) models.
We believe to have shown that the GUT scale/string scale problem points to string compactifications where one or two of the compact radii are exceptionally large. The related phenomenological requirements, which have to a certain extent been explored in the field theory context, leave a wide field of possible activities on the side of string model building. We are particularly intrigued by the unexplored class of orbifold models where non-local discrete Wilson lines break the GUT group at the compactification scale.
